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• To solve a differential equation , Laplace applied a transformation .

• Developed Fourier transform
,
R
,
2 after this

Transformation

1 . LVIII t xxx Vu Roman

t f
Arabic → add

2. 147321572 X 31317895210

I
log Ca) I log Cb) - antilog

3. fsinlxz) adx IzCossette
n

zlgtsinydy → -izfosytc
IN GENERAL,

¥fintermediate output



2
consider DE
I
-

diz t fe÷tdt + suit -- o Hmm}
In Laplace transform , all DE's are converted to algebraic
expressions

f-Ct) 7- Ffs ) ← eahsainedreto
fct) Ms)

ft 1-s
eg : signal transmission , ECG

Mr
f-Ct)

tfs)

ai-:*ea



Integral transform
An improper integral =

A

J KCs, x) f-Godse
-a
(
kernel

is called an integral transform of Hn) if the integral
is finite

klspe) is
'

called the kernel of the transformation
.

Laplace Transform
If f-Ct) meets the following conditions

1- Should be piecewise continuous

↳ cannot have infinitely many subintervals
↳ should be continuous in each interval

t -a teg : fat -- f sin:
'

o E) noatqntin.Y.sn.
cost t > 3

"

finite

note : tant is invalid

2. Ht) is of exponential orders , where sis any complex
parameter

3. lim e
-tfct) = finite

C-→a



Laplace transform of fat

• (
s?o¥%parameter

Defined as Lf f-Cts} =/ e-stfctdt = Fcs)
( (new

0

/ kernel function

C-ve time is s > o

meaningless)

properties of LT

1. Linearity property
L {afCHI bgLt)} = aFG) t b Gls)

2- Scaling Property
*

e
-
St
flat) dt at -- U

L (flat)} = f adt -- du

O

-

- taffeta
"

Hu) du

LffCat) } -- La f-(as) - frequency sealing
and

I {feta)) = a Elas)



Find L of the following common functions

is
.

L Lk} = Ie-stkdt = k!e-sit dt -- kg f- e-sty!
= kg

a
. L feat} = JI-steatdt = ! eca-stat

=#f ela
-s)t

) if s > a and sis real
or

° s is complex

⇒ let -⇒
L feat} = Is-a

s . L Le-at} = f-ette-atdt = ofe-CatsHdt
= 1-
sea

4. L { cosh at} = ofe-stceatzeat) at
=L L heat 's tzL {e-att



=L ( ta -' att)
-

-HEISEI) -
- Ss

has
.
L lsin at } = ! e-

st

Cata
t

) at

-
- iz L Leath - iz L Le

-att
-
- ha#¥
-
-z -

- Ea
6. L l at} = L f eenat y =i

s- lna

> . L lson at } = Im(L Leiatt) -- Tm ( Fia)
= Imf -

- Eta
s- L l cos at 's = re( L Leiatt) = Re fssII÷)

=5-
S2+of



A

e-sttndt a-St ⇒ t=u
a. L ft' } =/ dye -- at s

O

*
- U

-

- Ife ⇐Idu
O

-
-¥,

MMM , n EIR - 121-1

1. Find the Laplace Transform of the function

f-Ct) = { et , Oct LlO
,
t ? I

. Lffct) 's

z = [e-stfctdt
i-€ = go

'

e-
'teat to

° i -
= I

.

rational→
function =e s -1-1

I-s



2- Find L ( t t estt 5t sash3tt3t}

=# t# t +÷
s. Find L L sinkCate b)}

=!-stain hCattb) At
= L { e-dteattb - e-ste-at

-b

→
-
- ebLLe-n-gatf-e-bL.ge

- ste-at
a-

s

= lzeb Ifa - tzebstta
= eb

- e
-b

-
-

2Cs-a) 2CSta)

=g(sciaee))S2-at

=s_ Sinh b +a-coshb
Sha- star



4. L
,

{ cosh lat tb) }

= L L cash atcolhbt hishats tinhb}

= coshb L L cosh at} t sinhbL L tinhat}
= cash bgs⇐ t sinkbag2-a2

s. L { (rt +⇒
'

}
=L { the + 3 t '12+3E'ht t-312}
= tfI# +356,1¥ +354132 t testy
*I"Tt3÷÷s⇒
= rn ( feat t E - ars)4 2

-

- Fz# tTf t 3 - as)



•. I { e-4452g = e5
-

St 4

y. L f t't4th - 3Est 2EhfEtl }
= t÷ t 41-45,2-3%442 t2r t tf tf
= 5¥ t4x - 3x÷ -12351 t# t's

s. L { cosOtt5))
=L { cost ness - mist his 53-- tosses -aging

-3hm 5t
y = 1-

a. I { 5-' t } - LL e
Sts en 5

co . LE snit 's =L (¥
-the + TIE . .}

= L l l t -57
.

t ¥7 - - - - - f
-

- z -3÷s. + Isis. -
- -

-

= In -÷ +¥,
t - -

-



u. L ( cosSt cosIt cost}
=L fat ( cos 5t t cost) cost }
= La L↳ cos 6t t cos 4T) tz (cos 2T t l)}

= I
,

L f cos6t t cos4 tt cos2t t I }
= 4 (5¥ +s÷y ts÷ t t)

r. L l sin rt} -- L LFi - tf t try - . . . }
-
- tu÷ -¥977 + ÷ tu# -

- - .

= tf}#( l - 1¥12 + ÷xshx . . . .)
-

- tight f l -Es t Isa -I, "h"?⇒
-

- Tsars ( l - Its + IF E -I
-

- TsEs ( l - IT +Chad -Clyde - -)



=#FF e
-Yes

Properties of Laplace Transforms

3. First shifting property

L L f-Ct)} = Fcs) , then

L { Eatfct) } = Festa)

"roof

ofe-steatfctydt =!e-(s-a) tfCt) dt = FCS-a)
is. L { Eat sinhbt } = b-

CSIa)2 -62

14. L f etat cash bt} --dial
(SFa) 2- 62

is. L {etat suis btry =b-
⑨ Fa) 't b-

16 . L { etat cos btf ecstasy
Ia)2 tbh

n . L {etat bt y =1-
CSI a) - en b



is . L {etat thy = tenth
Fa)htt

19 . L { teat } =L
Cs -a)2

so - L {treaty =212
CS-a)3

4. Multiplication by t
If L { flt)} = FCS)

L Lthfct)} --HI dd÷n(Fcs))
*Ht) is NOT exponential

Prooflindution)

if n-- l

L {tfct)} = -dayFcs)
FCS) = of

-

e-stfu) dt

day FG) = f%g(e-stfctDdt



d Fcs) = #t e-stfctdt
Td

#FCS) =L {tf Ct)}

Assume true for n --

ledgeCFCs)) = L ( th Ht)}

For n-- ht I

( data CFCs))) - day !E't that) at
= !- I testtufctdt

undue ,

= -' f%tth" fct, at
C-D
-

FCS) =L Lt" ' flt))
ds htt

i . L { tnfctl} -- et)
"

d÷(FED



21 . L f sinh3tf

= L L ( est- e
-St)
'

y
-

4

-

-y L Lettte
't-23--4# ¥⇒

22
.

L l (ret tD
'

}

= L L e
-t
ti t 2 e-

"Y -
-÷ - I TIE

+I + 2¥
23. L { It If

ItI = ft, KZ O-t
,
a<o ←

integral oto a

=L It } = L
S2

ax . L ht
-ay = ftp.t# ( a¢It)



as. L le
-*
sin 4th =st¥i6

26. L felt cash Lt} =SI
CS-332-4

A

27 . Evaluate f e
't
sin 3.tsin 5T dt

O

=L!ett cues at - cosset) at
=z L (

cont} -IL {cosset
822 5=2

-

-I ¥4 -I ¥4
-

- iz g -I ask



5- Division by t

If L { fCtB= FCS)

L { HII} = FFG) ds iff the integral
s converges

Proof

§ e-stfu) dt) ds =/HD ds
S S

§( festfct) d) Its

A

= [III ) Htt dt
S

= test flt) dt = {reads



Note : L { fzCtI } = f f . . . Treads -
- - -

ds

S S S

Times
iff the integral converges in every step

Ltoftderivatives

If I { f-CHI -- EG) , then L { f-
'Ct)} -- SFCs) - flo)

proof

= go.e-stfttdtduu-EEsedi.FI
A

= e-stfctf.IS/e-8tfCt)dt
O O

= e-Stfu) / ? t s FCS) ftp.se-stfct) =o

= O - f-CO) t s FCS)
= S Fcs) - flo)



L Lf"Ct)} = - f 'co) t SL ff 'Ct)}
= -f ' lo) - S fCo) t S2 FG)

In general,
L ff")Ct) } -- S

"

FCS) - Sn
-'fco)-T

-

tf 'co) - . .

.
- f
"-D co)

LTof-tnte.gr#
If L L f-Ct) J -- Fcs)

,
then L L fotf dt} --FID

L f ft ft . . . ftfct) At . . .

- dtdt } = eggs
-
ntimes

proof

guy = fotflt) dt
no

L { getIf = s LLget} - guy
Lffltl} - S L { gets}

L ( f tfCt)} = Edge



as. L ( edt ( 3 sin 4T - 4 cos 4t) }
-

- 34¥;) - 4 (Fiba)
= 34- -4

@-2) 2-42

= 20 -4g
CS - 27
? 42

-

CS -D '-16

aa. L l (Ent) 's =L ICI - e
-ti't"}

= L f (I + e-tte-2tte-3tt.DE
" }

= L l E" t e-t th
- '
t e-
"th

-'
e . .

. }

= :# + ¥7,7 three - -
-

@+2)
n

rcn)
= E-
i-- o

Cst is 7



so . Lf M¥1 = II faint }ds
s

= fg¥ds = tan
-' Cs) ) ? My - tan's

S s

= cot
-' (s)

31
. L f coffee } fct) -- shirt

f-'Ct) = cosft

art
= 2L ( f 'Lt)} =L@Fcs) -flop
--2 (s LL sin rt's - miso)
*⇐ fine-447I
= Fye-445



sa L ( thin at } -

- e't (pI)
= If a C- 1) G'tag? as )
-

- dat = -24¥.it:4#j7---aacs::::a;4I1--iaEIaI""
= Gas2-2a3

¥33
"

Im L ft'eiaty =

④

t-mf-iiad.LI#aD=tm(dds-fC-Dcs-ia52j)--Im(C-hL-27Cs-ia53)--em(2- )
= IM (2a)s

CS - ias

'tags )



=¥,ayy Im (
S3 t 3s'Cia) t 3 s C-ay

- ias )
= Gsk - 2a3
-

(s't a2)3

33. L l t cash at } =÷(Iag)
= - f HCs2-a2)-C2#

d'-ay - )
-

-
- I I -- assist

34 . L f ft ft ft cos au du du du} -

-⇐as)¥

as Lf e-" t ft shift dt f = Ffs -14)
L f ft shift at } = fils) --f Els)
Fest -- L (shift ) = f.TryG) de



FzCs) =L f tin 3t } =3-
s't 9

ECD = ftp.gds-gtan - ' Css)
-

- tan
-'CS ) ]? -

-
cot -'CE)

F
, est -is cot

- ' CE)
r-co --¥, cot

-'

Gtf)

06
.
L l cosh t ftet cosht dt J
L f Cette

t

) ftet coshtdt }
= Iz f, ( s-D t Iz f (Stl)

Fil s) -- L f ftet cosht dt} = Fz
Facs) = CS-D
Cs¥



Fils) = Cs-17 E

-
- ta IT TI ⇐ '¥

37 . Fcs) -- L {fte-tcoshtdtf-stkf.FI)
Ss . L ft C 3 sin 2T - 2 cont) }

-
- C-D day ( L Is sin it - awht t)
"" da( 36¥) -4¥))
-
- th ( 6 f-Dos) Cs4452 -2¥yt@¥⇒



""t:*-Y D
⇒ linen. - a¥I
=

l2st8-2s2@2tyjt39.L
Its cost } = C-173d÷g (L (cost f)

=
-dots (Re (L f e it })

-

- ref-F.(⇒ -

- re#fetus- is'D
a re fence-2) ED sci 5 ) )
--re⇐¥y .

. ca -
'II: "



40 , L { sinha } -- Z L f mishitting
= Lz g[Ffs) ds ; Ffs) =L { his4tt snot}
Ffs) =4- t 2-

SHY- s2+22

F G) = 17¥, ts÷ ds
-
-Ift

-'(sa) thot
- 'CE)
-

41 . Show that [shift at = the
L ffutf -- offist fetidt

= task dt = Iz L l FIT}
⇐o

--I f-f%-⇒ dsds



-

-t f?AnsTf - iz@ catup; d's
a

-

-t f en (¥41:as -
- ¥ Ten ¥⇒:as

it ! shifa ( en t÷)) - M¥4 ds
ln l =o

'II ski. ÷) - en (÷, as

a

= -I f enGs÷u) ds -- Ia §%n s - enCRE))dsS

u = en s - en CRE) v= s

du -- ly - du -- ds

-

- st -¥



= -If @ ens - sent? - fi ds)
= -HEH.su#I-I*.dsI---zfeyis.sen.+*)-senfs*)-Itan-'fzH:)
-

- Az ( using
. Een CHIS)

ttzsln.su#)tfiz-taiYsaD--HhEiasC*-ls-.5oz-I----j
+Is linkage cot

-'

(E)
= Iz Sens tyslncsth) t lot

-'(E)
= lying, Lz Mfg - fallen 4) o t cotYo)
-

- this:# + z -EI



42. Show that

§%t ( 2snit-z3sinh.tn) at = a cot-' (2) tag bn Ltd
=L !ett shift dt -s f

-

e
-it

sinht at

-

- a L l KI 's
. .. .

- s L l mitt's
,a

= 2 cot
- I (2) -3 Tgfds

2

= a cot - I 127 -3€ en(s))
*

2

0

= duet-427 - 3g tz th 's

= 2cot-427 tszln ¥)



liofperiodicfunctions (proof : self - learning)

If fct) is a periodic function , i -e . if f-CtenT) = f- Lt) , then

sleety =÷,§e→tHt → L lctolnettperiod)
ramp"

t "

i:÷÷÷÷: ¥
Lf f-Ct)) = yes, Je-stfu) dt u= at v

Est

O
da = Kat du = e-

St

-
-

i.ee/fk-statd,t-i,Ie-st-o.dt/--#sf-yu-e-st1.+fy-eistdt)
-

-÷. f -tester
"
- ape

's'

tu )!
-
- ites f-Ise'' - ye'T tip)!
-

- Ies f -est -ti tf) ,
s -to



44 . fft) = t
'

; O etCX ; fctta) = f-Lt)

L { f-Lt)) = ?

f-Ct)

L 22 32 42

-st

L HttB -- ÷a f-Est Edt DYE-Fuat "d ee-stat

L
= [-tie

-St

+2g ft e
-stat]

"

O O

-

- Isa e
- K

ta f -test- g -she
-stat! )

= (÷
"

+÷fae÷ -zest! )
= fx -age

-sa

- E. e-sa . ÷)



45
. fct) = f cost O et Cti

-l n Ets 217

""

LffCtl } =÷, !
"

e
-stfu) dt

"s( f.
"

e-stcostdtt !
"

-e

-stat)

= ( tscosttsinttf
'

type
-stay

-

-s(%tf eff e-"s- ins))



" '

itunes. lie: ; : :: :.
f-Cte2) = fCt) 7=2

L {Htt} --÷g !Estfat at
=¥s ( foEst Litt) at e f!EstG-t) at]
-- fess fgI f

'

est tat
-z e

-

sty?- fer't dt]
-
-¥s f -est tf -Fei'seyes +

'

f te
't
at -I e-Fat)

-
- Gees-zeesest t⇐I test]

'

-

O

E÷ . I



-
-#s (2¥ -SEI e is

+ -I +e¥ -f t -e-⇒
+ test -¥)

-
-÷case - s et -z)



47.
Find IT of this

e: eat

L ( flt)} = yest [e-stfu) dt
-÷a Jae'sthat dt

a

=#Elite
-"

if at]
a

o
O

= I faze
-sat -seth ÷]

-

-actinal's. -ag-e÷)



48. half -wave rectifier
Esinwt

, oetctyw

I't'
-

- lo
, nineteen.

W 24W 3MW
T -- 24W

Lff Ct)'s =1- ↳e-stfu) dtl - e-ST

TYW

=¥n% / Est Esinwtdt
°

=

wf-ssinwt-wcoswtfjloh.ie#nxwse::I;÷.)
=

Ew ( lte)
Eew7UtewHw)

= Ey÷ywg- Impe remember



Unit step function or Heaviside function or switch function
\electricalengin#

not periodic

If t is any real number, then act) is defined as

Uft) = Hft)-- {O ' t <° switch -. o or 1
I
, t Zo

#
Ult- a) a {0 , teaI

,
t 2 a

#

-#a



I { UHH = Lf I } = is

L L ult -ah = fade-stat -- tf
a

-
- Efe

-sa) -

- esse

sont ve-M

L L suist ult-a)I = ?



Seandshifhhgproperly
If LffCt)) = FLD , then

LL tht-a)Ulta) } = e-as FCD

Proof

f-e-stfu-a)UH-a) dt
-

- fade-stfu-a) At DEI ta't'

= ! e-sweat flu) do = e-
as [e-so far) dir

= e-as Fcs)

Note

f- Ct) = f htt) Oct <a

fact) aEt 2b

f-zCt)
t 2b

f-Ct) -- fact) t (facts -fit)) ult-a) t Holt) - fact)) Ult-b)



49
.

Lf 4 sin Ct-3) Ult-33}
= 4L { f-Ct-3)UH-3)} = 4 e-

%

It

so . L ft ult-2))

=L { Ct -2t2)
'
ult-27}

= L L#-2)'t 4ft-2) t4) Ult-27 }
= f ft) = t2t4t -14

= LIGHT} --÷ -1¥ t¥
-
- e-"↳ +¥+4)

si. Lf Sint ult-M)} - L f-tinct-n) Ult -ti)}
-as %

= e (gif) = e-Ms LL sin Htm))
/

T for inverseidentify
as unit step

52 . LfGt-Duct -47} 2ft-4) -17

=L { Cut -u) -17) Ult-4) }
-
- e-" ( Fist)



53 . LLe-t contact -ti)}
= FCStl) ⇒ Fcs) a L L cont Ult -M )}

Fcs) = L L- cos2h- t) Ult-ti) }
= -LL cos 2Ct -ti) Ult-ti)}
= -

e-tl5ss2t4l.ioLLe-tcos2tULt-ti73-TllStD-eCstD@tD2t454.L
fest ult-D }

& -13)
= FCS-13) = E-

843

55. fct) = ( s
int t> M

e f cost , ten

cost ten suit , 4717

← not defined

f-Ct) = ¢ost)UCttt -ti)
= cost t ( suit -cost) Ult -ti)
UH-ti) = f O , t c Ml

,
t 217



Llflt)) : s¥+L{sint Ult -n) } - L {cost ult -ti)}
-

Tf t e-ns - e
-Theiss

541 52+1

=¥Is
SHI

for n steps , n-t unit steps
56 . Find Llflt)}

fits -14%79. uu-n.LY ; :S:
sont ,

-

EI 2n

f-Lt) -- 2 t co - 2) Ult -M) t (first-o) Ult - 217)

Lff Lt)) --Z -2g + Lf tint Ult - 2177}

= 2- 2e
-TS - 2ms

g-
+e-

52-11

a. fun -- ft!;%!
"

not-23--4, ; I4

f-Ct) = t't let - t) Ult -2)



L Htt)} =

÷ + 4 e-
↳L { t-123 - e-"L Kt -1251

age 4e-
"

(÷ - e-
"

(⇐ +Fatty)
-

-got e-
"(Fates -Z -Ha -¥7

=# t e
's (y -⇒

58 - Using Lt evaluate [Et cleat-Etty ult -Ddt
=L fat Lt -t't UH-D )

5=1

E- 1)
3
a t' -3tt3 - I

2h- D
- I + Ift'- Atl) = It

'
-htt2

3.Ct-D = 31--3
-13 = 3

' e' (¥+2,1 +stats) Is,
= e
- I ( b t 4 t 3 -13) = lets



59. fat -- ( EY II.I :3
L - • .

µ needs redefining

O
,
Oct c l

fun = µ-I
, ;

'I Is
O

,
t73

f-Lt) -- G-E) UH -1) + (Ct-D - 03 -t)) ult-2) + f-teDucts)
= G - Ct-I 7) Ult-t)
+ 2Ct- 2) ULt- 2)

+ f- Ct-3) -2) Uct-3)
LL fall = e-' (z -za) + ae-

"

(⇒ + e-
"

f-z -%)



taplacetransformof.avnity-tm-puefunetimarea-lti.ee÷: ten.
out -ai -- IIe ; : Iaea

>
t 7 At E

An impulse is a very large force acting for a short
period of time .

It is denoted by orCt-a)

Geometrically , ret-a) is

Ect -a) = fins, Ect
-a)

(impulse)

Dirac-Delta
functiont.

a



Uct-al -- f y ;
t ca

tZa

ult- Cates) -- fo, ;
that E

t z ate

L f out-al) = L LE ult-a) t Ie ult -catED}
L L deCt-ay -- z ejas -iz elates

-

- Ess C ' I
Ll d Ct-al's = lyin, o L LEct

-a) )

-

- Eso EEE) Eos
-

- using (sets)
-asIf octal} = e



Properties of Impulse function

s . L Lotta) 's =L {U' Lt -a)3

= s FCS) - f lo) = sL {Ulta)} - UCO-a)
-as

= step - Utoy
°

-asL fortas) -- e
2
.
Ll out} = I

9

3. IfLt) 8ft-a) dt = Lingo f fit) of Ct-a) It
° O Lt La

ore Ct-a) = I % ; act caeet> atE

*

= tiny. I sect-a) Htt dt htE
o f A-IdfatE

-
- Lingo f fct) Edt = EFo f- --do

a
E

= dim GCaeG-G = bin Ghat = fla)E-70 q E-70



4' L ff Lt)Oct-a) f -- Lingo Lf flt) of Ct-a))
O Lt La

ore Ct-a) = ( % ; act caeet> atE

-
- Lindo Te- street-a) fuydt

atE

-
- Kiyo f e-stfu)Edt = dying, I

-stfu)deface
a
- o

E

= luis G 'CatE)
Go 1-

= e
- as
flag

= e-
as

fca)

5) L Lt otta)} -- esteat e-
as
= an e

-as

6) L L outa } -. If? .
.

e-
as

r - -dsds = Is
an

-as

7) L L ft ft . . .

Oct-a) dtdt . .} = e-5



-s
Go

.

L Lt' orCt-D) = e

61
.

L { 204--11-1684-272 ) = 2e
-S t 6¥

2

62. L ft'cosat coshat oft-2)} = e-
Is ( shoes Lacoste)

63 .
L Lsinhhtolt-37 } = e-

3'
sin h(6)

64 . § cos It orCt-til4) dt = L f cos 2to Ct-the)Ys=o
= e

-Thi costhe = O

-
as

65 . L { Ct-D
'
orCt-a)} = e ca-D2

66. L l ft-a) Ulta) } = e-
AS

FCS) = e-as

f-Ct-a) UH-a)
FCS) -- L {OUT}


